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C. R. Rao (Calyampudi Radhakrishna Rao, borrt
September 10, 1920 to present) is an Indian born
naturalized American, mathematician, and

statistician. He holds an MA in both mathematics

and statistics. He worked in India at the Indian

Statistical Institute (iSI) for 40 years and founded
the Indian Econometric Society and the Indian
Society for Medical Statistics. He worked at the

Museum of Anthropology and Archeology at
Cambridge University, the United Kingdom, using ^
statistical methodology developed by P. C. i
Mahalanobis at ISI. He earned his PhD in 1948 from -

Cambridge University, with R. A. Fisher as his thesis I
advisor, In 1965, the university awarded him the t
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(Continued)

prestigious ScD degree based on a peer review of his research contributions to
statistics. He has received 31 honorary doctoral degrees from universities in 18
countries. After 40 years of working in India, he moved to the United States and
worked for another 25 years at the University of Pittsburgh and Pennsylvania
State University, where he served as Director of the Center for Multivariate
Analysis. He is emeritus professor at Pennsylvania State University and research

I  professor at the University of Buffalo, Or, Rao has received the distinguished R.
i A. Fisher Lectureship, Wilks Memorial Award, and the National Medal of Science
i  for Mathematics and Computer Science.

Wilks s Lambda was the first MANOVA test statistic developed
and is very important for several multivariate procedures in
addition to MANOVA. The best known approximation for

Wilks's Lambda was derived by C. R. Rao. The basic formula is as follows:

Wilks's Lambda = A =
H+ E

The summary statistics, Pillai's trace, Hotelling-Lawley's trace, Wilks's
Lambda, and Roy's largest root (eigenvalue) in MANOVA are based on the
eigenvalues of A = HE"'. These summary statistics are all the same in the
Hotelling T^ statistic. Consequently, MANOVA can be viewed as an exten
sion of the multivariate Rest similar to the analysis of variance (ANOVA)

being an extension of the univariate /-test.
The A statistic is the ratio of the sum of squares for a hypothesized

model and the sum of squares error. H is the hypothesized model and
cross products matrix and E is the error sum of squares and cross products
matrix. This is the major reason why statistical packages such as SPSS and
SAS print out the eigenvalues and eigenvectors of A = HE"'.

A MANOVA Assumptions

The independence of observations is an assumption tliat is sometimes men
tioned in a statistics book, but not covered in-depth, although it is an impor
tant point when covering probability in statistics. MANOVA is most useful
when dependent variables have moderate correlation. If dependent varia
bles are highly correlated, it could be a.ssumed that they are measuring the
same variable or constaict. This could also indicate a lack of independence
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of observations. MANOVA also requires normally distributed variables,
which we can test with the Shapiro-Wilk test. MANOVA further requires
equal variance-covariance matrices between groups to assure a fair test of
mean differences, which we can test with the Box M test. The three primary
assumptions in MANOVA are as follows:

1. Observations are independent

2. Observations are multivariate normally distributed on dependent
variables for each group

3. Population covariance matrices for dependent variables are equal

Independent Observations

If individual observations are potentially dependent or related, as in the
case of students in a classroom, then it is recommended that an aggre
gate mean be used, the classroom mean (Stevens, 2009). The intraclass
correlation (ICC) can be used to test whether observations are indepen
dent. Shrout and Fleiss (1979) provided six different ICC correlations.
Their work expressed reliability and rater agreement under different
research designs. Their first ICC correlation provides the bases for deter
mining if individuals are from the same class—that is, no logical way of
distinguishing them. If variables are logically distinguished, for example,
items on a test, then the Pearson r or Cronbach alpha coefficients are
typically used. The first ICC formula for single observations is computed
as follows:

icc=
[MS^,+(.n-l')MSy]

The R psych package contains the six ICC correlations developed by
Shrout and Fleiss (2009). There is an R package, ICC, that gives the MSJ,
and MS,^ values in the formula, but it does not cover all of the six ICC
coefficients with p values.

Stevens (2009, p. 215) provides data on three teaching methods and
two dependent variables (.achievement 1 and achievement 2). The R
commands to install the package and load the library with the data are
as follows:

# Intra-Class Correlation Coefficients

# Install and load psych package
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>. install .packag^^0|>syGh")
>■ library (psych)

^  frpm ateveps (20O9> p.' 21S)

>: Stevens

% matrix(0(1,1,13,14,1,1,11,15,I,2,23,27,1,2,25,29,1,3,32,31,1,3,35,37;
+ 2,1,45,47,2,1,55,58,2,1,65,63,2,2,75,78,2,2,65,66,2,2,87,85,3,1,88,85,
+ 3,1,91,93,3,1,24,25,3,1,65,68,3,2,43,41,3,2,54,53,3,2,65,68,3,2,76,74),
+ ncol = 4, byrow=TRUE)

colnames (Stevens) = paste ("V", 1:4, sep="'0
> rownames (Stevens) = paste (^S", 1:20, sepat"")
> Stevens #data from Stevens (2G09, p. 215)

VI V2 V3 V4

81 1 1 13 14

82 1 1 11 15

S3 1 2 23 27

84 1 2 25 29

85 1 3 32 31

86 1 3 35 37

87 2 1 45 47

SB 2 1 55 58

89 2 1 65 63

810 2 2 75 78

811 2 2 65 66

812 2 2 87 85

813 3 1 88 85

314 3 1 91 93

815 3 1 24 25

816 3 1 65 68

817 3 2 43 41

818 3 2 54 53

819 3 2 65 68

820 3 2 76 74

# ICC example from psych package with six ICC's from Shrout and
Fleiss (1979)

# Select only achl and ach2 variables (V3 and V4)

fstevensT, 3; 4ji
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Intraclass correlation coefficients

type ICC F dfl df2 p lower bound upper bound

Single_raters_absolute ICCl 0.99 393 19 20 0

Single_randoin_raters ICC2 0.99 444 19 19 0

Single_fixed_raters ICC3 1.00 444 19 19 0

Average__raters_absolute ICClk 1.00 393 19 20 0

Average_random_raters

Average_fixed_raters

ICC2k 1.00 444 19 19 0

ICC3k 1.00 444 19 19 0

Number of subjects = 20 Number of Judges = 2

The first ICC (ICC, = .99) indicates a high degree of intracorrelation or
similarity of scores. The Pearson r = .99, p < .0001, using the cor.testO
function, so the correlation is statistically significant, and we may conclude
that the dependent variables are related and essentially are measuring the

same thing.

"options (scipen=999)
cor .test (Stevens [, 3], stev^sf / €3)

Pearson's product-moment correlation

data: Stevens[, 3] and Stevens[, 4]

t = 48.0604, df = 18, p-value < 0.00000000000000022

alternative hypothesis: true correlation is not equal to 0

95 percent confidence interval:

0.9900069 0.9985011

sample estimates:

0.9961262

We desire some dependent variable correlation to measure the joint
effect of dependent variables (rationale for conducting multivariate analy
sis); however, too much dependency affects our Type I error rate when
hypothesis testing for mean differences. Whether using the ICC or Pearson
correlation, it is important to check on this violation of independence
because dependency among observations causes the alpha level (.05) to
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be several times greater than expected. Recall, when Pearson r = 0,
observations are considered independent—that is, not linearly related.

Normality

MANOVA generally assumes that variables are normally distributed
when conducting a multivariate test of mean differences. It is best how
ever to check both the univariate and the multivariate normality of
variables. As noted by Stevens (2009), not all variables have to be nor

mally distributed to have a robust MANOVA F test. Slight departures
from skewness and kurtosis do not have a major impact on the level of
significance and power of the F test (Gla.ss, Peckham, & Sanders, 1972).
Data transformations are available to correct the slight effects of skew
ness and kurtosis (Rummel, 1970). Popular data transformations are the
log, arcsin, and probit transformations depending on the nature of the
data skewness and kurtosis.

The example uses the R nortest package, which contains five normal
ity tests to check the univariate normality of the dependent variables. The
data frame, depvar, was created to capture only the dependent variables
and named the variables achl and acb2.

•ifiaStall .packages ("nortest")

library(nortest)

depvar = data.frame (Stevens{,3:4^

names (depvar) = c("achl", "ach2")*:

ci^ttech (depvar) : '

# Install R nortest package

# Load package in library

# Select achl and ach2 dependent variables

# Name dependent variables

# Attach data set to use variable names

Next, you can run the five tests for both the achl and ach2 dependent
variables.

> ad.test(achl)

> cvm.test(achl)

> lillie.testtachl)

> pearson.test(achl

> sf.test(achl)

# Anderson-Darling

# Cramer-von Mises

# Kolmogorov-Smirnov

# Pearson chi-square

# Shapiro-Francia

> ad.test(ach2)

> cvm.test(ach2}

> lillie.test(ach2)

> pearson.test(ach2H

> sf .test (ach2)f

# Anderson-Darling

# Cramer-von Mises

# Kolmogorov-Smirnov

I Pearson chi-square

# Shapiro-Francia
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The univariate normality results are shown in Table 4.1. The variable cichl
was indicated as being normally distributed across all five normality tests.
The variable ach2 was also indicated as being normally distributed across
all five normality tests.

The R mvnormtest package with the Shapiro-Wilk test can be used
to check for multivariate normality. First, install and load the package.
Next, transpose the depvar data set that contained only the dependent
variables acbl and ach2. Finally, use the transposed data set stevensT in
the shapiro.testO function. The R commands were as follows:

iP install.packages("mvnormtest") # Install mvnormtest package

> library(mvnormtest) # Load package in library
h

> depvar = data. frame (stevens [, 3:4'3«) # Select achl and ach2 dependent variables

> stevensT = t(depvar) # Transpose data set

> Shapiro.test(stevensT) # Run multivariate normality test

Shapiro-Wilk normality test

data: stevensT

W = 0.9493, p-value = 0.07162

Results indicated that the two dependent variables are jointly distributed
as multivariate normal iW = .949,p= .07). We have therefore met the uni

variate and multivariate assumption of normally distributed dependent
variables.

Equal Variance-Covariance Matrices

The Box M te.st can be used to lest the equality'' of the variance-covariance
matrices across the three teaching methods in the data set. We should first
view the three variance-covariance matrices for each method. You can

use the following set of R commands to extract and print each set of data.

Table 4.1 Univariate Nonnality for achl and ach2 Dependent Variables

Cramer-

von Mises

Koimogorov- Pearson Shapiro-

Smirnov Chi-Square Francia

.148 (p = .29)

II

S
o

h.;

.964 (p = .53)

.114 (p= .71) 2.40 (p = .66) .968 (p = .62)
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# The Stevens data set created earlier in the chapter

# Stevens {2009, p. 215) Table 8.4 Data set

^ methodl = Stevens [1: 6,3:4]j
p inethod2 = stevens [7:12, 3:4|

# Select method 1, achl and ach2

# Select method 2, achl and ach2

# Select method 3, achl and ach2

V3 V4

51 13 14

52 11 15

53 23 27

54 25 29

55 32 31

56 35 37

F method^

V3 V4

S7 45 47

SB 55 58

S9 65 63

510 75 78

511 65 66

512 87 85

V3 V4

513 88 85

514 91 93

515 24 25

516 65 68

517 43 41

518 54 53

519 65 68

520 76 74

Next, create the variance-covariance matrix for each method along with

the determinant of the matrices. The following .set of R commands were u.sed.
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> methodlcov = cov(methodl)

> methodlcov

# Create variance-covariance matrix

V3 V4

V3 94.56667 87.1

V4 87,10000 83.9

# Compute determinant of matrix

[1] 347.7333

s= cov(inethod^ # Create variance-covariance matrix
> ni6th;od2cov

V3 V4

V3 216.6667 199.5333

V4 199.5333 187.7667

> det(method2cdv) # Compute determinant of matrix

[1] 869.2267

>'jnethodScov .=_^:y5YflBS.t^od3) # Create variance-covariance matrix

V3 V4

V3 512.5000 509.1786

V4 509.1786 511.6964

II] 2981.602

# Compute determinant of matrix

The determinant of the variance-covariance matrices for all three

methods have positive determinants greater than zero, so parameter esti
mates can be obtained. We can now check for the assumption of equal
variance-covariance matrices between the three methods.

The hiotools package has a boxM() function for testing the equality
of covariance matrices between groups. The package can be installed
from the main menu or use the install.packagesO function. The boxMQ
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function requires specifying a group variable as a factor. The R commands

are as follows;

. packages ("biot.cg^^^V
> libraty(biotools)

> options (scipen = 999)

> factor(Stevens[,1))

# Install R biotools package

# Load package in library

# Stops scientific notation output

# Select group variable, first column is

> boxM(stevens [, 3 r 4 J, stevens£,i]) # with dependent variables and group

variable

Box's M-test for Homogeneity of Covariance Matrices

data: Stevens[, 3:4]

Chi-Sq (approx.) = 4.1754, df = 6, p-value = 0.653

The Box M results indicate that the three methods have similar variance-

covariance matrices (chi-square = 4.17, df = 6, p = .65).

Summary

Three key assumptions in MANOVA are independent observations, nor
mality, and equal variance-covariance matrices. These were calculated

using R commands. The data set was from Stevens (2009, p. 215), and it
indicated three teaching methods and two dependent variables. The ICG
and Pearson r correlations both indicated a high degree of dependency
between the two dependent variables (ICCj = .99; = .99). The research
design generally defines when the IGC versus the Pearson r is reported.
A rationale for using MANOVA is to test the joint effects of dependent
variables, however, when the dependent variables are highly correlated, it
increases the Type I error rate. The univariate and multivariate normality
assumptions for the two dependent variables were met. In addition, the
assumption of equal variance-covariance matrices between the three
methods was met. We will now proceed to run the MANOVA analysis
using the data.

A MANOVA Example: One-Way Design

A basic one-way MANOVA example is presented using the Stevens (2009,
p. 215) data set that contains three methods (group) and two dependent
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variables (achievement! and achievement2). First, install and load a few R

packages for the MANOVA analysis, which permits use of Type III SS (R
by default uses Type I SS), and a package to provide descriptive statistics.

The manovaO function is given in the base stats package.

§ install.packages("MASS")

^ install.packages("car")
> install.packages("psych")

> library(MASS)

» library(car)

> library(psych)

# MANOVA

# Type III SS

# descriptive statistics

The MANOVA R commands to test for joint mean differences between the

groups is as follows:

> grp = factor(Stevens[,1)) # Select group variable, first column is method

> Y - (Stevens(,3:4)) # Select dependent variables

> fit = manova (Y-'grp)

^„_sunpary (fit, test="Wilks")

Df Wilks approx F num Df den Df Pr(>F)

grp 2 0.40639 4.5492 4 32 0.005059 **

Residuals 17

The other summary test statistics for "Pillai", "Hotelling-Lawley", and "Roy"
can be obtained as follows;

^;^^piar.y (fit, test="Pill^'f)

Df Pillai approx F num Df den Df Pr(>F)

grp 2 0.6082 3.7144 4 34 0.01299 *

Residuals 17

Signif. codes: 0 "***' 0.001 '**' 0.01 0.05 V 0.1 ' ' 1

?^^^(flt.

grp 2

Residuals 17

Df Hotelling-Lawley approx F num Df den Df Pr(>F)

2  1.4248 5.3429 4 30 0.002268**

t=''Rqy")
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grp 2

Residuals 17

Roy approx F num Df den Df Pr{>F)

1.3991 11.892 2 17 0.0005883 ***

The four different summary statistics are shown in Table 4.2. Wilks A

is the product of eigenvalues in WT"'. The Hotelling-Lawley and Roy
multivariate statistics are the product of eigenvalues in BW"', which is an
extension of the univariate F statistic {F = yV/5|/M5^,.). The Pillai-Bartlett
multivariate statistic is a product of eigenvalues in BT"'. The matrices rep
resent the multivariate expression for SS within CM), SS between (B), and

SS total (T). Olson (1976) reported that the power difference between the
four types was generally small. I prefer to report the Wilks or Hotelling-
Lawley test stati.stic when the assumption of equal variance-covariance
among the groups is met. They tend to fall in-between the p value range
of the other two multivariate statistics. All four types of summary statistics

indicated that the three groups (teaching methods) had a joint dependent
variable mean difference.

The summary.aov( ) function will yield the ANOVA univariate statis

tics for each of the dependent variables. The dependent variable, V3
iachl), indicated that the three groups differed in their achievementl
group means {F = 11.68, p < .001). The dependent variable, V4 (,ach2),
indicated that the three groups differed in their achievement2 group
means (F= 11.08, p < .001).

Response V3

grp

Residuals

Sum Sq Mean Sq F value

7066.9 3533.4 11.678

5143.7 302.6

Pr(>F)

0.0006435 ***

Signif. codes: 0 ^***' 0.001 '**' 0.01 '*' 0.05 0.1 ^ ' 1

Table 4.2 One-Way MANOVA Summary Statistics

Type Statistic

Wilks 0.406

Pillai 0.608

Hotelling-Lawley 1.42

Roy 1.40
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Response V4 :

Df

grp 2

Residuals 17

Sum Sq Mean Sq F value Pr(>F)

6438.3 3219.2 11.078 0.0008319 ***

4940.2 290.6

Signif. codes: 0 '***' 0.001 0.01 0.05 0.1 ' ' 1

To make a meaningful interpretation beyond the univariate and multi

variate test statistics, a researcher would calculate the group means and/
or plot the results.

'anovadata - data.fraae{8tevens)

names(anovadata) = c{"methSd"^"61^
anovadata

describeBy<anova^ta.rdhd^^^^f^t% descriptive statistics by method

group: 1

vars n mean sd median trimmed mad min max range skew kurtosis se

method 1 6 1.00 0.00 I 1.00 0.00 1 1 0 NaN NaN 0.00

class 2 6 2.00 0.89 2 2.00 1.48 1 3 2 0.00 -1.96 0.37

achl 3 6 23.17 9.72 24 23.17 14.08 11 35 24 -0.09 -1.91 3.97

ach2 4 6 25.50 9.16 28 25.50 8.90 14 37 23 -0.20 -1.86 3.74

group: 2

vars n mean sd median trimmed mad min max range skew kurtosis se

method 1 6 2.00 0.00 2.0 2.00 0.00 2 2 0 NaN NaN 0.00

class 2 6 1.50 0.55 1.5 1.50 0.74 1 2 1 0.00 -2.31 0.22

achl 3 6 65.33 14.72 65.0 65.33 14.83 45 87 ■42 0.08 -1.54 6.01

ach2 4 6 66.17 13 .70 64.5 66.17 14.83 47 85 38 0.05 -1.65 5.59

group: 3

vars n mean sd median trimmed mad min max :range skew kurtosis se

method 1 8 3.00 0. 00 3.0 3.00 0.00 3 3 0 NaN NaN 0.00

class 2 8 1.50 0. 53 1.5 1.50 0.74 1 2 1 0.00 -2.23 0.19

achl 3 8 63.25 22. 64 65.0 63.25 24.46 24 91 67 -0.33 -1.31 8.00

ach2 4 8 63.38 22. 62 68.0 63.38 23.72 25 93 68 -0.34 -1.36 8.00

The descriptive statistics for the two dependent variables means
by the three teaching methods shows the differences in the groups.
From a univariate ANOVA perspective, the dependent variable means
are not the same. However, our interest is in the joint mean difference
between teaching methods. The first teaching method had an average
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achievement of 24.335 (23.17 + 25.50/2). The second teaching method
had an average achievement of 65.75 (65.33 + 66.17/2). The third
teaching method had an average achievement of 63.315 (63.25

+ 63.38/2). The first teaching method, therefore, did not achieve the
same level of results for students as teaching methods 2 and 3.

A MANOVA Example: Factorial Design

A research design may include more than one group membership variable,

as was the case in the previous example. The general notation is Factor A,
Factor B, and Interaction A* B in 2i fixed effects factorial analysis of vari
ance. This basic research design is an extension of the univariate design
with one dependent variable to the multivariate design with two or more
dependent variables. If a research design has two groups (factors), then
the interest is in testing for an interaction effect first, followed by interpre
tation of any main effect mean differences. Factorial MANOVA is used
when a research study has two factors, for example, gender and teaching
method, with two or more dependent variables.

The important issues to consider when conducting a factorial MANOVA
are as follows:

• Two or more classification variables (treatments, gender, teaching
methods).

• Joint effects (interaction) of classification variables (independent
variables)

• More powerful tests by reducing error variance (within-subject 55)
• Requires adjustment due to unequal sample sizes (Type I 55 vs.

Type III 55)

The last issue is important because R functions currently default to a
Type I 55 (balanced designs) rather than a Type III 55 (balanced or unbal
anced designs). The Type I 55 will give different results depending on the
variable entry order into the equation, that is, Y=A-\-B + A*B versus
Y=B-\-A + A*B. Schumacher (2014, pp. 321-322) provided an explana
tion of the different 55 types in R.

A factorial MANOVA example will be given to test an interaction effect
using the Stevens (2009, p. 215) data set with a slight modification in the
second column, which represents a class variable. For the first teaching
method, the class variable will be corrected to provide 3 students in one
class and 3 students in another class. The data values are boldfaced in the

R code and output.
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# Modified Data from Stevens (2009, p. 215) - see boldfaced numbers

I Stevens = matrix(c(1,1,13,14,1,1,11,15,1,1,23,27,1,2,25,29,1,2,32,31,1,2,35,37,
4- 2,1,45,47,2,1,55,58,2,1,65,63,2,2,75,78,2,2,65,66,2,2,87,85,3,1,88,85,3,1,91,93,

+ 3,1,24,25,3,1,65,68,3,2,43,41,3,2,54,53,3,2,65,68,3,2,76,74), ncoi = 4,

+ byrow=TRUE)

^ Stevens = data.frame(stevens)
^ names (steyens) = c ("method"^^"class","achl","ach2")

method class achl ach2

SI 1 1 13 14

S2 1 1 11 15

S3 1 1 23 27

S4 1 2 25 29

S5 1 2 32 31

S6 1 2 35 37

S7 2 1 45 47

S8 2 1 55 58

59 2 1 65 63

SIO 2 2 75 78

Sll 2 2 65 66

S12 2 2 87 85

S13 3 1 88 85

S14 3 1 91 93

S15 3 1 24 25

S16 3 1 65 68

S17 3 2 43 41

SIS 3 2 54 53

S19 3 2 65 68

S20 3 2 76 74

We now have three teaching methods (method—Factor A) and two
class types (class—Factor B) with two dependent variables (achl and
ach2). The R commands to conduct the factorial multivariate analysis with
the summary statistics are listed.

Factorial MANOVA: 3 methods and 2 Classes

^ fit = manova(cbind(achl,ach2) - method + class"+ method*class, data=steyepsj
^ summary{fit, test="Wilks")
? summary (fit, test="Pillai'')

f summarytfit, test="Hotelling-Lawley'')
summary(fit, test="Roy")
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> summary(fit, test='"Wilks")

Df Wilks approx F num Df den Df Pr(>F)

method 1 0.53804 6.4395 2 15 0.009574 ★ *

class 1 0.91889 0.6620 2 15 0.530239

method:class 1 0.92541 0.6045 2 15 0.559133

Residuals 16

Signif. codes: 0 ****' 0.001 '**' 0.01 0.05 0.1 ^  ' 1

> summary(fit, test='"Pillai")

Df Pillai approx F num Df den Df Pr(>F)

method 1 0.46196 6.4395 2 15 0.009574 * *

class 1 0.08111 0.6620 2 15 0.530239

method:class 1 0.07459 0.6045 2 15 0.559133

Residuals 16

Signif. codes: 0 '***' 0.001 '**' 0.01 0.05 0.1' ' 1

> summary(fit, test='"Hotelling-Lawley")

Df Hotelling-Lawley approx F num Df den Df Pr (>F)

method 1 0.85860 6.4395 2 15 0.009574 *★

class 1 0.08827 0.6620 2 15 0.530239

method:class 1 0.08060 0.6045 2 15 0.559133

Residuals 16

Signif. codes: 0 '***' 0.001 '**' 0.01 **' 0.05 0.1' ' 1

> summary(fit, test=''Roy")

Df Roy approx F num Df den Df Pr(>F)

method 1 0.85860 6.4395 2 15 0.009574 * *

class 1 0.08827 0.6620 2 15 0.530239

method:class 1 0.08060 0.6045 2 15 0.559133

Residuals 16

Signif. codes: 0 ****' 0.001 »**' 0.01 '*' 0.05 0.1' ' 1

The four multivariate summary statistics are all in agreement that an
interaction effect is not present. The main effect for teaching method was
statistically significant with all four summary statistics in agreement,
while the main effect for classes was not statistically significant. The
Hotelling-Lawley and Roy summary values are the same because they
are based on the product of the eigenvalues from the same matrix,
The Wilks A is based on wT"\ while Pillai is based on BT"^ so they
would have different values.
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In MANOVA, the Type I SS will be different depending on the order
of variable entry. The default is Type I 55, which is generally used with
balanced designs. We can quickly see the two different results where the
55 are partitioned differently depending on the variable order of entry.
Two different model statements are given with the different results.

# Two Different Variable Ordering for Type I SS

> fit.modell = manova(cbind(achl,ach2) - niethcd + class + method*ciass, data=stevens)
> summary (f it .modell, test=:"Wilks")

> fit.model2 = manova(cbind(achl,ach2) ~ class + method + method*class, data=stevens)

> summary (fit .model2, test="Wilks'')

> fit.modell = manova(cbind(achl,ach2) ~ method + class + method*class, data=stevens)

> summaryCfit.modell, test="Wilks")

Of Wilks approx F num Df den Df Pr(>F)

method 1 0.53804 6.4395 2 15 0.009574 **

class 1 0.91889 0.6620 2 15 0.530239

methodrclass 1 0.92541 0.6045 2 15 0.559133

Hesiduals

Signif. codes: 0 ^***' 0.001 '**' 0.01 0.05 0.1 ' ' 1

« flt^ova(cbind'fdfeM,a'dH2f'*
p summary (fit.model2, test="Wilks'")

Df Wilks approx F num Df den Df Pr(>F)

class 1 0.91889 0.6520 2 15 0.530239

method 1 0.53804 6.4395 2 15 0.009574 **-

class rmethod 1 0.92541 0.6045 2 15 0.559133

Residuals 16

Signif. codes: 0 0.001 0.01 0.05 0.1' ' 1

The first model (fit.modell) has the independent variables specified as

follows: method + class + method * class. This implies that the method fac
tor is entered first. The second model (fit.model2) has the independent
variables specified as follows: class + method + method * class. This

implies that the class factor is entered first. The Type I 55 are very different
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in the output due to the partitioning of the SS. Both Type I SS results show
only the method factor statistically significant; however, in other analyses,
the results could be affected.

We can evaluate any model differences with Type II 55 using the
anovaO function. The R command is as follows:

Analysis of Variance Table

Model 1: cbind(achl, ach2) ~ method + class + method * class

Model 2: cbind(achl, ach2) ~ class + method + method * class

Res.Df Df Gen.var. Filial approx F num Df den Df Pr(>F)

1  16 45.104

2  16 0 45.104 0 0 0

The results of the model comparisons indicate no difference in the model
results (Pillai = 0). This is observed with the p values for the main effects

and interaction effect being the same. If the Type II 55 were statistically
different based on the order of variable entry, then we would see a differ
ence when comparing the two different models.

The Type III 55 is used with balanced or unbalanced designs, espe

cially when testing interaction effects. Researchers today are aware that
analysis of variance requires balanced designs, hence reliance on Type I
or Type II 55. Multiple regression was introduced in 1964 with a formula
that permitted Type III 55, thus sample size weighting in the calculations.
Today, the general linear model in most statistical packages (SPSS, SAS,

etc.) have blended the analysis of variance and multiple regression tech
niques with the Type III 55 as the default method. In R, we need to use
the ImO or glm() function in the car package to obtain the Type III 55.

We can now compare the Type II and Type III 55 for the model equation
in R by the following commands.

> install.packages(car)

> library (car)

> out = lm(cbind{achl,ach2).~ method + class + method*class -1^

> Manova(out,multivariate=TRUE,type = c ("II"), test="Wilks"')

Note: The value -1 in the regression equation is used to omit the intercept

term, this permits a valid comparison of analysis of variance results.

> Manova (out,niv ©  , test="Wilks'')
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Type II MANOVA Tests: Wilks test statistic

Df test stat approx F num Df den Df Pr(>F)

method 1 0.44397 10.0191 2 16 0.00151 **

class 1 0.81838 1.7754 2 16 0.20121

method:class 1 0.76591 2.4451 2 16 0.11842

Signif. codes: 0 ^***' 0.001 '**' 0.01 0.05 V 0.1 ' ' 1

4 "Manova{out,multivariate=TRUE,type = /test="Wilks'<:)'

Type III MANOVA Tests: Wilks test statistic

Df test stat approx F num Df den Df Pr(>F)

method 1 0.50744 7.7653 2 16 0.004396 **

class 1 0.67652 3.8253 2 16 0.043875 *

method:class 1 0.76591 2.4451 2 16 0.118419

Signif. codes: 0 ^***' 0.001 '**' 0.01 0.05 0.1 1

The Type II and Type III SS results give different results. In Type II SS
partitioning, the method factor was first entered, thus | B) for method
(Factor A), followed by 515(5 |d) for class (Factor B), then 5'5(A6|5, A) for
interaction effect. In Type III SS partitioning, the 55(/l | B, AB) for the method
effect (Factor A) is partitioned, followed by SSiB \ A, AB') for class effect (Fac
tor 5). Many researchers support the Type III SS partitioning with unlDal-
anced designs that test interaction effects. If the research design is balanced
with independent (orthogonal) factors, then the Type II SS and Type III SS
would be the same. In this multivariate analysis, both main effects {method

and class^ are statistically significant when using Type III SS.

A researcher would typically conduct a post hoc test of mean differences

and plot trends in group means after obtaining significant main effects. How
ever, the TukeyHSDC ) and plot( ) functions cuiTently do not work with a
MANOVA model fit hinction. Tlierefore, we would use the univariate func

tions, which are discussed in Sciuimacker (2014). The descriptive statistics for
the method and class main effects can be provided by the following;

S' library (psych)

> anovadata = data.frame(Stevens)

> names (anovadata) - c (^^raethod", "class","aqhi",'^ach^)
> anovadata

> describeBy (anovadata, anovadata$raet-hod) # Descript;# Descripti

i#^SGribeBy (anovadata, anovadata$clasiH

ve

statistics by method

# Descriptive

statistics by class
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A Effect Size

An effect size permits a practical interpretation beyond the level of statisti
cal significance (Tabachnick & Fidell, 2007). In multivariate statistics, this
is usually reported as eta-square, but recent advances have shown that
partial eta-square is better because it takes into account the number of
dependent variables and the degrees of freedom for the effect being
tested. The effect size is computed as follows:

= 1 - A.

Wilks's Lambda (A) is the amount of variance not explained, therefore 1-A
is the amount of variance explained, effect size. The partial eta square is
computed as follows:

Partial ri^ =1-A'''^,

where S = min iP, P = number of dependent variables and df^^^
is the degrees of freedom for the effect tested (independent variable in the
model).

An approximate F test is generally reported in the statistical results.
This is computed as follows:

j

where Y = A'^^.

For the one-way MANOVA, we computed the following values:
A = .40639 and approx 4.549, with df^ = A. and df^ = 32. T= where

Cffec.) = (2, 2) = 2, so r = .6374.

The approx F is computed as follows:

Approx F = #2 .3625

.6374

32
= .5687(8) = 4.549.

K^fxj

The partial rf is computed as follows:

Partial = 1 - A'^'^ = 1 - (.40639)'^^ = .3625.

Note: Partial is the same as (l-K) in the numerator of the approximate
F test.
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The effect size indicates that 36% of the variance in the combination of the

dependent variables is accounted for by the method group differences.
For the factorial MANOVA (Type III 55), both the method and class

main effects were statistically significant, thus each contributing to
explained variance. We first compute the following values for the method
effect: A = .50744 and approx F= 7.7653, with df^ = 2 and df^= l(i. Y =
A'« where S = (P, = (2, 1) = 1, so K= .50744.

The approx F {method) is computed as follows:

^  \-Y{dF
Approx F =

Y

r  _492 (16

.507 ( 2
— = .97(8) = 7.76.

The partial is computed as follows:

Partial r|^ = 1 - = 1 - (.50744)^^^ = .493.

The effect size indicates that 49% of the variance in the combination of the

dependent variables is accounted for by the method group differences.
For the class effect: A = .67652 and approx F = 3.8253, with df.^-2

and df^ = 16. r = A'", where 5 = (P, = (2, 1) = 1, so F = .67652.

The approx F {class) is computed as follows;

Approx F = = .477(8) = 3.82.
dfj .6761^2

The partial r\^ is computed as follows:

Partial ri^ = 1 - A^^^ = 1 - (.6765)^^' = .323.

The effect size indicates that 32% of the variance in the combination of the

dependent variables is accounted for by the class group differences.
The effect sizes indicated 49% {method) and 32% {class), respectively,

for the variance explained in the combination of the dependent variables.
The effect size (explained variance) increased when including the inde
pendent variable, class, because it reduced the 55 error (amount of
unknown variance). The interaction effect, class:method, was not statisti
cally significant. Although not statistically significant, it does account for
some of the variance in the dependent variables. Researchers have dis
cussed whether nonsignificant main and/or interaction effects should be
pooled back into the error term. In some situations, this might increase the
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error SS causing one or more of the remaining effects in the model to now
become nonsignificant. Some argue that the results should be reported as
hypothesized for their research questions. The total effect was 49% + 32%
or 81% explained variance.

A Reporting and Interpreting

when testing for interaction effects with equal or unequal group sizes, it

is recommended that Type III SS be reported. The results reported in jour
nals today generally do not require the summary table for the analysis of
variance results. The article would normally provide the multivariate sum

mary statistic and a table of group means and standard deviations for the
method and class factors. The results would be written in a descriptive

paragraph style. The results would be as follows:

A multivariate analy.sis of variance wa.s conducted for two dependent varialDle.s {achieve
ment! and acbievementZ). The model contained two independent fixed factors {method
and class). Tliere were three levels for method and two levels for class. Student achieve
ment was therefore measured across three different teaching methods in two different
classes. The assumptions for the multivariate analysis were met, however, the two
dependent variables were highly correlated {r= .99); for multivariate normality, Shapiro-
Wilk = 0.9493, p = .07; and for the Box M test of equal variance-covariance matrices,
chi-square = 4,17, df = 6,p= .65. The interaction hypothesis was not supported; that is,
the different teaching methods did not affect student achievement in the class differently
{F = 2.45, df{2, 16), p = .12). The main effects tor method and class however were sta
tistically significant {F = 7.77, df{2, l6), p = .004 and F =3 83, df (2, l6), p = .04, respec
tively). The partial eta-squared values were .49 for the method effect and .32 for the class
effect, which are medium effect sizes. The first teaching method had much lower joint
mean differences in student achievement than the other two teaching methods. The first
class had a lower joint mean difference than the second class (see Table 4.3).

Table 4.3 Multivariate Analysis of Variance on Student Achievement
iN = 20)

Joint MeanMain Effects

Teaching method
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SUMMARY

This chapter covered the assumptions required to conduct multivariate analysis of
variance, namely, independent observations, normality, and equal variance-covariance
matrices of groups. MANOVA tests for mean differences in three or more groups with
two or more dependent variables. A one-way and factorial design was conducted
using R functions. An important issue was presented relating to the Type SS used in
the analyses. You will obtain different results and possible nonstatistical significance
depending on how the SS is partitioned in a factorial design. The different model fit
criteria (Wilks, Pillai, Hotelling-Lawley, Roy), depending on the ratio of the SS, was
also computed and discussed.

The eta square and partial eta square were presented as effect size measures.
These indicate the amount of variance explained in the combination of dependent
variables for a given factor. The results could vary slightly depending on whether
nonsignificant variable SS is pooled back into the error term. The importance of a
factorial design is to test interaction, so when interaction is not statistically significant,
a researcher may rerun the analysis excluding the test of interaction. This could result
in main effects not being statistically significant.

EXERCISES

1. Conduct a one-way multivariate analysis of variance

a. Input Baumann data from the car library

b. List the dependent and independent variables

Dependent variables: post.test.l; post.test.2; and post.test.3

Independent variable: group

c. Run MANOVA using manovaO function

Model: cbindCpost.test.l; post.test.2; and post.test.3) ~ group

d. Compute the MANOVA summary statistics for Wilks, Pillai, Hotelling-Lawley,
and Roy

e. Explain the results

2. Conduct a factorial MANOVA

a. Input Soils data from the car library

b. List the dependent and independent variables in the Soils data set

c. Run MANOVA model using the lm() function.

(i) Dependent variables (pH, N, Dens, P, Ca, Mg, K, Na, Conduc)

(ii) Independent variables (Block, Contour, Depth)
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(iii) MANOVA model: ~ Block + Contour + Depth + Contour * Depth - 1

d. Compute the MANOVA summary statistics for Wilks, Pillai, Hotelling-Lawley,
and Roy

e. Explain the results using describeByO function in psych package

3. List all data sets in R packages.

WEB RESOURCES

Hotelling 7^
http://www.uni-kiel.de/psychologie/rexrepos/posts/multHotelling.html

Quick-R website
http://www.statmethods.net
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