Collinearity in Multi-variate Analyses
➢ Objectives:

Showcase the problem of collinearity

Discuss rationale / use of partial correlation analysis
Discuss rationale / use of partial regression analysis

Illustrate the application of both approaches

Collinearity (or Co-linearity)
➢ Collinearity is defined as the existence of a linear
relationship between two explanatory variables.
➢ Multi-collinearity refers to the collinearity of more than
two explanatory variables.
➢ Implies redundancy in the set of variables.
This redundancy can render the numerical methods
used to solve regression equations ineffective.
➢ Implies that significant linear correlations exist
between variables, making it difficult (or impossible)
to estimate individual regression coefficients reliably.

➢ Two practical solutions to this problem are:
to remove some variables from the model…
or to combine them (using Multivariate Statistics).

Multiple Collinearity

(Oedekoven et al. 2001)

Onshore – Offshore:

Latitudinal Gradients:

- Depth

- Water Temperature

- Distance to shore

- Wind Speed

- Productivity

- Seasonality

Partial Correlation - Application
Zero-order correlation
(two initial variables).
A control variable is
used to extract the
variance it explains
from each of the two
initial variables, which
are then correlated
with each other.

Control
Variable

Initial
Variables

1
3

r 12.3

2

The resulting partial (first-order) correlation (r 12.3) is
the correlation between the two initial variables which
remains once the influence (variance explained by the
control variable) has been removed from each of them.

Partial Correlation - Application
➢ The technique is commonly used in "causal“ modeling,
when dealing with a small number of variables (e.g., 3 – 5).
➢ Compares the partial first-order correlation (r 12.3) with
the original zero-order correlation (r 12).
➢ Sometimes the third variable (3) has no effect on 1 and 2.
➢ The third variable (3) can have different influences:

o a common anteceding cause
o an intervening variable
o a suppression variable

Partial Correlation – Interpretation
❖Compare magnitude of full and partial correlations
➢ If the full correlation is meaningful (large) and the
partial correlation approaches 0, the inference is that
the original correlation is spurious - there is no direct
causal link between the two original variables

➢ If the full and the partial correlations are meaningful
(large) and the similar in magnitude, the inference is
that the original correlation is real - there is a direct
causal link between the two original variables

Partial Correlation - Interpretation
❖Compare magnitude of full and partial correlations
➢If there is no difference
between the r coefficients,
for the full and the partial
correlations the inference
is that the third variable (k)
has no effect on i and j.

➢ If the partial correlation
approaches 0, the inference
is that the original correlation
is spurious - there is no direct
causal link between the two
original variables (I and j).

r ij = r ij . k

r ij > 0
r ij . k ~ 0

Partial Correlation – Application
❖Compare magnitude of full and partial correlations
K Has No Effect

K Has An Effect

Common
Anteceding
Cause

Intervening
Variable

Partial Correlation – Interpretation
❖Compare magnitude of full and partial correlations
➢ If the partial correlation < the full correlation, the
inference is that the third variable (k) suppresses
apparent correlation between two other variables (I, j).

Suppression Effect: Magnitude of the correlation
appears weaker, when the third variable is considered

Another Example
➢ Suppose you measured three variables (X, Y, Z) from
N subjects and found the following correlations:
X versus Y: r XY = +0.50

r2 XY = 0.25

X versus Z: r XZ = +0.50

r2 XZ = 0.25

Y versus Z: r YZ = +0.50

r2 YZ = 0.25

➢ The value of r2, which equals 0.25,
implies that for each pair of variables
(XY, XZ, YZ) the covariance, or shared
variance, is 25% (one quarter of the total).
➢ The venn diagram illustrates that 25%
of the variability in the three variables
(X, Y and Z) overlaps (shaded area).

Partial Correlation – 3 Variables
Partial correlation is the correlation of two variables,
controlling for influence of one or more other variables.
➢ Partial correlation allows us to measure the region of
three-way overlap and to remove it from the picture.
➢ This method determines the value of the
correlation between any two of the variables
(hypothetically) if they were not both
correlated with the third variable.
➢ Mechanistically, this method allows us to
determine what the correlation between
two variables would be (hypothetically)
if the third variable were held constant.

any

Partial Correlation - Formulation
➢ The partial correlation of X and Y, with the effects of Z
removed (or held constant), is given by the formula:

(Smaller than rxy = + 0.50)

Partial Correlation - Formulation
➢ Partial Correlation of X and Z
(rxy.z = + 0.33)

➢ Partial Correlation of Y and Z

(rxy.z = + 0.33)

Partial Correlation – Another Example
➢ Example:

Wechsler Adult Intelligence Scale (WAIS)
is used to measure "intelligence" beyond the years of
childhood. It includes 3 sub-scales labeled C, A, and V.
• C: “comprehension”
• A: “arithmetic”

• V: “vocabulary”
The table shows correlations among these 3sub-scales:
• C versus A: rCA = +0.49

r2CA = 0.24

• C versus V: rCV = +0.73

r2CV = 0.53

• A versus V: rAV = +0.59

r2AV = 0.35

Partial Correlation – Another Example
➢ While the overlaps are not even, the logic is the same:
➢ Of the 24% variance overlap in the
relationship between comprehension
and arithmetic (C & A), a substantial
portion reflects the correlations of
these variables with vocabulary (V).

➢ If we remove the effects of V from
the relationship between C and A, the
partial correlation (r CA.V) will be smaller
than the full correlation (r CA).

Remember: Zero-order correlation of C and A: rCA = +0.49

Partial Correlation – Another Example
➢ The correlated overlap is reduced substantially:

(Less than rCA = + 0.49)

Partial Correlation – Result
Summary: After removing the effects of V, the correlation
between C and A diminishes greatly.

➢ In most cases a partial correlation of the form rXY·Z
is smaller than the original correlation rXY.

➢ In cases where the partial correlation is larger, the
third variable, Z, is termed a supressor variable, based on
the assumption that it is suppressing the larger correlation
that would appear between X and Y if Z were held constant.

Partial Correlation – Example

(Olsen 1972)

APPROACH: Investigated relationship of voting turnout
and participation in church / community activities,
voluntary associations and inter-personal interactions.
The social participation hypothesis predicts that:
H1: Participation rate in voluntary associations positively
related to voting turnout, whatever nature of the association.
H2: Participation rate in community / church activities also
positively related to voting turnout, and remain significant
when voluntary association participation is held constant.

Partial Correlation – Example
H3: Participation rate in interpersonal interaction positively
related to voting turnout; but
holding constant participation in voluntary associations /
churches / community affairs eliminates these correlations.
RESULTS:
Partial correlations for each of these measures, controlling
the others, remain significant, indicating that each form of
community participation has independent effects on voting.
However, this is not true with informal inter-personal
interactions among friends and neighbors.
The mean multiple r with all predictor variables is 0.58.
(Olsen 1972)

Partial Correlation – Example

➢ Rationale: Differences in cancer rates between
populations are affected partly by geographic distances
and by ethnic differences. Epidemiologists ascribe these
differences to genetic and environmental factors.

➢ Analyses: Spatial autocorrelation of cancer incidence
and mortality rates, ethnohistory, and genetics showed that
these four variables are strongly spatially autocorrelated.
(Sokal et al. 2000)

Partial Correlation – Example
To learn more of the interaction of the variables, constructed a path
diagram. The three putative causes are labeled ETH, GEN, and GEO.
Path Diagram: Map of associations between all variable pairs:
Why is this a one-headed arrow ?

0 order: Ordinary
pairwise correlations

GEO, GEN and ETH

are cross-correlated

GEO, GEN and ETH
drive other variables

(Sokal et al. 2000)

Partial Correlation – Example
Path Analysis.
Both ETH-GEO and GEN-GEO are connected by
double-headed arrows to indicate remote correlations
that we cannot decompose further.
The correlation r(ETH,GEN) is shown as a singleheaded arrow ETH -> GEN, because ethnohistoric
similarity will lead to genetic similarity, whereas the
converse will not hold generally.
Ethnohistoric distances imply not only genetic distances
(affected through the path ETH -> GEN), but also
cultural differences that directly affect the differences in
cancer rates. These are shown as separate singleheaded arrows ETH -> MORT and ETH -> INCID.

Partial Correlation – Example
Created four distance matrices:
cancer incidence (INCID)

ethnohistory (ETH)

genetics (GEN)

geography (GEO)

Computed all zero-order matrix correlations, as well as partial
matrix correlations between INCID and ETH and GEN.
- 0 order (INCID, ETH) (INCID, GEN)

- 1st Order (INCID, ETH.GEO) (INCID, GEN.GEO)
- 2nd Order (INCID, ETH.GEN, GEO) (INCID, GEN.ETH, GEO)
(Sokal et al. 2000)

Partial Correlation – Example
- 0 order: GEN seems more important (mean r, n)
- 1st Order: ETH correlations explained by GEO

- 2nd Order: GEN retains explanation power, with ETH, GEO

(Sokal et al. 2000)

Linear Regression
How to assess correlation between two variables without the
effect of another exogenous driver variable (third-variable) ?

Y= a + bX + e

Equation of a Straight Line

Estimates y values from x values

Linear Regression
Observed X-Y Data Pairs

Y on X Pair Residual Plots
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Fit = Sum of Squares Error = Sum
sum of squared deviations
(observed data – model prediction)
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Linear Regression
For instance:
Is the number of breeding seabirds on an island more
strongly related to thermocline depth OR chl concentration ?

THERM
Depth

CHL-a
Concentration

SEABIRD
Population

Need to “remove” the effect of THERM on CHL and BIRDS
to assess the correlation between CHL and BIRDS?

Linear Regression
How to “remove” the effect of THERM on BIRDS,
to assess the correlation between BIRDS and CHL?
Assessing the
Chl Effect
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Chl Concentration

PROBLEM: This approach does not remove correlation
between THERM and CHL… inherent in the CHL dataset
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Partial Correlation – Using Regression
How to “remove” the effect of THERM on CHL and Birds,
to assess correlation between CHL and Birds?

r

Therm

NOTE: Anticipate direct relationship
of thermocline depth with Chl and Birds

Chl
r

Birds

r

Regress Chl on Therm
Regress Birds on Therm

To remove Therm
Influence, Regress:
Birds X Therm residuals
on Chl X Therm residuals

Simple Regression Approach

Number of breeding pairs of pelagic terns relative to:
(A) mean annual depth of the 20 deg. C thermocline (m) and
(B) mean annual log10(surface chl a concentration) (mg/m3)
for Sooty Terns (open circles; r = 0.484, P = 0.042) and
Common Noddies (solid circles; r = 0.537, P = 0.022).
(Devney et al. 2009)

Partial Correlation – Using Regression

Conclusion:
Sooty Tern responds to both Chl and Therm
Common Noddy does not show a response
(Devney et al. 2009)

Partial Correlation – Using Regression
Partial regression of factors
affecting mean annual number
of Sooty Tern breeding pairs.
Values are residuals from a
regression of breeding
pairs against the residuals of
(A) Log10 (chl a)
(r = 0.959, P < 0.001)
(B) depth of 20oC thermocline
(r = 0.925, P < 0.001).

The best-fit regression model
includes both variables:
chl and thermocline depth
(r = 0.972, P < 0.001).

Partial Regression – Example

➢ Rationale: Relate marine predator responses to
local, regional, and basin-wide oceanographic variables.
(Wells et al. 2008)

Partial Regression – Example
➢ Analyses: Used path analysis to identify correlations
between biotic and environmental variables, determine direct
and indirect relationships of variables and visualize likely
mechanisms forcing productivity of 3 trophic levels in CCS.
PROS:

Identify correlations between variables
Each variable can have both direct and indirect effects
CONS:

The structure of path models was determined a priori based
on understanding of oceanographic and trophic interactions
(Wells et al. 2008)

Partial Regression – Example
Physical and biological variables:
from wind to krill abundance to seabird productivity

(Wells et al. 2008)

Partial Regression – Example
Transition

North Stress

East Stress

Wind Speed
Upwelling
Curl
Sea Surface Temperature
Coastal Sea Level
Zooplankton

(Wells et al. 2008)

Partial Regression – Example
The first stepwise regression performed with the production
variable (level-I) as the dependent variable and the other
(higher) variables as independent (explanatory) variables.
The variable nearest to the production variable in the structural
model that was significantly related to the production variable,
was linked to the production variable in the causal model.
This variable was then treated as the dependent variable, with
all variables above it in the model structure as independent.

The procedure was repeatedly performed until only exogenous
(highest level) variables remained. Finally, evaluated the
correlations among exogenous variables. (Wells et al. 2008)

Partial Regression – Example
Correlation
between
“external
drivers”
Partial
regression
with
“internal
variables”

Positive effect
Negative effect

(Wells et al. 2008)

Partial Correlation – Summary
Order of correlation:
A "first order partial correlation" has a single control
variable. A "second order partial correlation" has two
control variables … etc.
A "zero-order correlation" is one with no controls:
it is a simple correlation coefficient.

Un-partialed (regular) correlations are zero order.
If we partial one variable out of a correlation (e.g., r12.3),
that partial correlation is a first order partial correlation.

If we partial out 2 variables from that correlation
(e.g., r12.34), we have a second order partial correlation
… and so forth.

Partial Correlation – Summary
➢ Three generic types of third variable influences:

Anteceding
Variable

Intervening
Variable

Spurious
Suppression

Partial Correlation – Summary
➢ We can use a formula to compute
first order partials, or we can use
simple regression to compute the
residuals – which are correlated.
➢ For example, to compute r12.3, we regress X1 and X2 on
X3 and then compute the correlation between the residuals.
➢ This approach would compute the correlation between
X1 and X2, controlling for the influence of X3 on both.

Partial Regression – Summary
➢ We can also use a formula to compute second and
higher order partials, or we can use multiple regression
to compute the residuals – which are then correlated.
➢ For example, to compute r12.34, we could regress each
of X1 and X2 on both X3 and X4 simultaneously and then
compute the correlation between the residuals.
➢ This approach would compute the correlation between
X1 and X2, controlling for the influence of both X3 and X4.

The Big Picture - Summary
➢ Partial correlation and partial regression approaches allow
us to deal with collinearity between multiple variables

➢ However, these approaches are restricted to a small
number of explanatory variables – for logistical reasons
➢ Furthermore, these approaches require a pre-conceived
notion of the cause – effect relationships (hierarchical model)
Implications for Multi-variate Statistics:
➢ Assess zero-order correlations of explanatory variables
➢ This data exploration provides insights into why multivariate
methods combined these cross-correlated variables

Homework I – Due Feb 8
➢ Objectives:

Showcase quantification of collinearity

Use partial correlation analysis
Use partial regression analysis

➢ NOTE:

I will not discuss homeworks the day they are due

Partial Correlation - Stocks
Quantify shared variability of 3 stock exchange metrics:

r

DOW

Nasdac
r

r

NOTE:
Anticipate influence of
global DOW index on the
other two regional indices

Method 2:

Footsy
Method 1:
r (DOW,Nasdac . Footsy)

Regress Footsy on DOW

Regress Nasdac on DOW
Regress Footsy Residuals
on Nasdac Residuals

Partial Correlation – Oceanography
➢ Partial approaches used in causal models (hypotheses).
➢ Also useful to quantify co-varying patterns (exploratory) .
Correlated
“spatial
footprints”

Co-occurring
patterns
(indices)
(Schwing et al. 2002)

